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Hlavné postavy

Deoxyribonukleova kyselina (DNA)

Obsahuje geneticku informaciu prenasanu z generacie na generaciu.
Dlhy retazec nukleotidov z mnoziny { A, C, G, T'}

(adenin, cytozin, guanin, tymin).

Informacia ulozena v symbolickej, digitalnej forme.

Ribonukleova kyselina (RNA)
Blizka pribuzna DNA, tymin T nahradeny uracylom U

Proteiny (bielkoviny)

Katalyzuju biochemické reakcie v bunke (enzymy),
prenasaju signaly v ramci bunky/medzi bunkami,
su délezité pre stavbu bunky a pohyb.

Retazec aminokyselin (20 ré6znych aminokyselin).



Aka informacia je ulozena v DNA?

Gény: Predpisy na tvorbu proteinov a funkénych RNA molekaul.
Riadenie ich expresie: kedy a kolko sa ma tvorit'.
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Centralna dogma (Francis Crick 1958,1970)
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“The central dogma of molecular biology deals with the detailed residue-by-residue transfer
of sequential information. It states that such information cannot be transferred back from

protein to either protein or nucleic acid.”



DNA, chromozomy

DNA: dve komplementarne vlakna, strands (pary A-T, C-G),
v opacnej orientacii (konce sa nazyvaju 5’ a 3').
Napr. ACCATG je komplementarny s CATGGT.

Tvar dvoijitej Spiraly:

Dvojvlaknova struktura poskytuje redundanciu, moznost opravy pri poSkodeni
jedného vilakna.

Pri deleni bunky sa dvojvlaknova DNA rozdeli a ku kazdému vlaknu sa doplni
komplement (DNA replikacia).

Chromozom: Suvisly usek dvojvlaknovej DNA a podpornych proteinov.

Ludsky gendm ma 22 parov chromozdmov plus dva pohlavné,
spolu 3GB.



Technolégia: sekvenovanie DNA

e Postup na zistovanie poradia baz v chromozémoch genému.

e Chromozdmy sa nasekaju na kratke kusky,

kazdy sa sekvenuje zvIast
napr. Sangerovym sekvenovanim.
— vyuziva prirodné enzymy, napr. DNA polymerazu




Sangerovo sekvenovanie (Sanger sequencing)

Sekvenujeme AGCTAGGACT (zobrazena sprava dofava)

Primer AGT + enzymy + nukleotidy + modifikované ofarbené nukleotidy

Vysledky sekvenovacej reakcie: Na géli zoradime podra dizky:
TCAGGATCCA AGTCCTAGCT
agTccTAcc TCAGGATCGA AGTCCTAGC
AGTCCT
AGTCCTA
TCAGGATCGA ACTCCT
AGTCCTAGCT
AGTCCT
TOASGATOS  ygrcc
TCAGGATCGA AGTC
AGTCC TCAGGATCGA
AGTCCTA
TCAGGATCGA
AGTC

Odcitanim farieb dostaneme komplementarne viakno: AGTCCTAGCT



Technolégia: sekvenovanie DNA
e Postup na zistovanie poradia baz v chromozémoch genému.

e Chromozomy sa nasekaju na kratke kusky,

vzorke D\
kazdy sa sekvenuje zvIast <
’ I'e /—/
napr. Sangerovym sekvenovanim. v\k 5on;ka‘g
— vyuziva prirodné enzymy, napr. DNA polymerazu 7

e Bioinformaticky problém: skladanie celej sekvencie z kuskov.

e Dostupnost gendmov umoznuje
katalogizovat' gény a iné funkcné useky,
hfadat podobnosti a rozdiely medzi druhmi a jedincami.



PCR (polymerase chain reaction)

Zvolime si dva kratke useky DNA (primers)
PCR testuje Ci su v DNA blizko seba (stovky, tisice baz)

Ak ano, namnozi usek medzi nimi

DNA prlmers : |||||||||8||i|(|??IIIH||||||I

¢ 2 kopie 4 kopie o
“IIIIIIIIIIIIIIIIIIIII : TTTTTTTIT T T T T rTTTT TTTT ! Illlﬂ|||||||||||||lm
IIIIIIIIIIIIIIIIIIIIIIIIIIIm wm

“IIIIIIIIIIIIIII”I

TTT1 Ilm

ARERRRN T
e —
“llllllllllllllll )

:IIIIIIII IIIIIIIIIIIIIIIIII m ]




gén
DNA: D replikacia

transkripcia do RI;IA

\

RNA: I

spracovanie RNA

Y
RNA: I

o
translacia
do proteinu
RNA: I protein: [T

- regulécia

10



RNA

Ako sa lisi od DNA?
e obsahuje rib6zu namiesto deoxyribdzy
e obsahuje uracil namiesto tyminu (bazy A,C,G,U)
e jednovlaknové retazce, zvycajne kratSie

® zlozita sekundarna Struktura: sparované komplementarne useky

transferova RNA (tRNA)
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Translacia

= Growing
Polypeptide D amino acid
Chain of Amino Acids

Kodén (trojica nukleotidov) urcuje 1 aminokyselinu
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Geneticky kod

Ala / A
Arg / R
Asn / N
Asp / D
Cys / C
Gln / Q
Glu / E
Gly / G
His / H
Ile / 1

START

GCT, GCC, GCA, GCG
CGT, CGC, CGA, CGG, AGA, AGG
AAT, AAC

GAT, GAC

TGT, TGC

CAA, CAC

GAA, GAC

GCT, GGC, CGA, GGG
CAT, CAC

ATT, ATC, ATA

ATG
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Leu / L
Lys / K
Met / M
Phe / F
Pro / P
Ser / S
Thr / T
Trp / W
Tyr /Y

Val / V

STOP

TTA, TTG, CTT, CTC, CTA, CTG
AAA, AAC

ATG

TTT, TTC

CCT, CCC, CCA, CCC

TCT, TCC, TCA, TCG, AGT, AGC
ACT, ACC, ACA, ACG

TGG

TAT, TAC

GTT, GTC, GTA, GTG

TAA, TGA, TAG



Proteiny

Ret'azce 20 r6znych aminokyselin s réznymi chemickymi viastnostami:

Aminokyselina Postranny retazec Jeho vlastnosti
Alanin (A) -CH3 hydrofobny
Arginin (R) -(CH2)3NH-C(NH)NH2 bazicky

Asparagin (N) -CH2CONH2 hydrofilny

Kyselina asparagova (D) -CH2COOH kysly
Cystein (C) -CH2SH hydrofébny
Kyselina glutamova (E) -CH2CH2COOH kysly
Glutamin (Q) -CH2CH2CONH2 hydrofilny
Glycin (G) -H hydrofilny
Histidin (H) -CH2-C3H3N2 bazicky
Izoleucin (1) -CH(CH3)CH2CH3 hydrofébny
Leucin (L) -CH2CH(CH3)2 hydrofobny
Lyzin (K) -(CH2)4NH2 bazicky
Metionin (M) -CH2CH2SCH3 hydrofébny

Fenylalanin (F) -CH2C6H5 hydrofébny

Prolin (P) -CH2CH2CH2- hydrofébny
Serin (S) -CH20H hydrofilny
Treonin (T) -CH(OH)CHS3 hydrofilny

Tryptofan (W) -CH2C8H6N hydrofébny

Tyrozin (Y) -CH2-C6H40H hydrofobny
Valin (V) -CH(CH3)2 hydrofébny
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Struktuara proteinov

Myoglobin, prvy protein so znamou Strukturou (Kendrew a kol. 1958).

Proteiny sa vyskytuju poskladané v urcitej stabilnej Strukture,

pripadne prechadzaju medzi niekofkymi stavmi.

Hydrofébne aminokyseliny neinteraguju s vodou,

zvacsa sa vyskytuju vo vnutri Strukdry.

Strukttra proteinu uréuje jeho funkciu.
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l{a} Transcription
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16



Regulacia expresie

Bunky v réznych tkanivach toho istého organizmu zdiefaju ten isty gendm,
vyzeraju a funguju vsak velmi rézne.

Niektoré proteiny sa tvoria len za urcCitych okolnosti, alebo v premenlivom

mnozstve.

Regulacia zacatia transkripcie pomocou transkripcnych faktorov:

DNA

Transkripcne
faktory

Bioinformaticky problém: zisti, ktoré faktory ovplyvnuju ktory gén, kde presne

sa viazu.
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Technolégia: microarray
vzorka RNA

\ \\/ / / ‘\ / ‘ komplementarne

sekvencie hybridizuju snimame  intenzitu

Zzname

gene 1 gene 2 gene 3

mame |0 = LT~ —

Meranie mnozstva mRNA pritomnej v bunke pre vela génov naraz.

Zopakujeme za réznych podmienok, Studujeme korelacie medzi génmi.

Mbzu byt désledkom spolo¢ného regulatora (transkripcného faktoru).

Bioinformaticky problém: .
niekolko ko-regulovanych génov,

]
e
=1

najdi motiv, ku ktorému sa moze viazat spolocny trans-

kripCny faktor (motif finding)
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Priklad microarray dat

Pomer expresie génu v meranej a kontrolnej vzorke
fg/bg

Cervena: fg>bg
Zelena: fg<bg
517 génov

19 experimentov
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Mutacie DNA

V DNA obcas dochadza k zmenam, mutaciam

(napr. pod vplyvom prostredia, Ci chybou pri replikacii).

Typy mutacii:

substitucia, substitution (jedna baza sa zmeni na inu),
inzercia, insertion (vlozi sa niekofko novych baz),
delécia, deletion (vynecha sa niekolko baz),

zmeny vacsieho rozsahu (napr. translokacie).

Bioinformatické problémy:

Ktoré sekvencie vznikli z spolocného predka mutovanim?

(hfadanie homologov, homology search)

Ktoré bazy v dvoch pribuznych sekvenciach si navzajom zodpovedaju?

(sequence alignment, zarovnavanie sekvencii)
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Populacna genetika

Mutécie sa Siria v populécii z rodiCov na potomkov.

Nebezpecné mutécie rychlejSie vymiznu, prospesdné sa rychlejSie ujmua (prirodny
vyber, natural selection).

Polymorfizmus: geneticky rozdiel medzi organizmami v ramci druhu.

Vedie k rozdielnosti vo fenotype, napr. vyzor, dedi¢né choroby.

Sekvenovanim viacerych jedincov toho istého druhu ziskame prehlad o

polymorfizme.

Bioinformaticky problém:
Najdi polymorfizmus zodpovedny za urcCity znak (napr. chorobu).
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Evollcia

Vznik novych druhov (speciation):
Po rozdeleni populacie na viacero oddelenych ¢asti nedochadza k vymene
genetického materialu.

Hromadia sa zmeny az kym nie je mozné parenie: vznik novych druhov.

Bioinformaticky problém:
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Prokaryotické vs. eukaryotické organizmy

Prokaryoty: baktérie, jednoduché jednobunkové organizmy.
Nemaju jadro (DNA priamo v cytoplazme),
maju kruhovy chromozdém (a pripadné kratsie plasmidy),

jednoduchsia Struktura génu atd.

Eukaryoty: zivoCichy, rastliny, huby, niektoré jednobunkové organizmy.
Bunka obsahuje jadro s DNA, viacero organel.

Mitochondrie a chloroplasty su pohltené prokaryoty, ktoré sa stali ¢astou
eukaryotickej bunky.

DIhsi gendm v niekolkych linearnych chromozédmoch.
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Modelové organizmy

Doélezité pre biologicky vyskum, vieme o nich viac nez o pribuznych druhoch.

Poznatky SirSie aplikovatelneé.

bam Escherichia coli: baktéria Zijuca v érevach. Jed-
/e noducha manipulacia, delenie kazdych 20 min.
B Studium zakladnych Zivotnych procesov: DNA

® replikacia, expresia genov, atd. Gendém s 4000

/

B R g6nmi, 4.6MB.

vk

Saccharomyces cerevisiae: pekarske drozdie. Jedno-
duchy eukaryoticky organizmus. Geném s 6000 génmi,
13MB. Delenie kazdé 2 hodiny. Stadium $pecificky euka-

ryotickych javov.
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Modelové organizmy

.~ Arabidopsis thaliana: mala kvitnaca rastlina, 6-

o tyzdnovy Zivotny cyklus. Skiimanie javov Specifickych
pre rastliny.

Caenorhabditis elegans: maly &erv, nematdd, Zijuci v pode. Stadium vyvinu

(ontogenéza, development), diferenciacie buniek.

Drosophila melanogaster: vinna muska. Stadium genetiky, gény riadiace vyvin
jedinca.

Stavovce: zaba Xenopus laevis (velké, lahko manipulovatelné vajicka),
akvarijna ryba Danio rerio (priehladné embrya), mys Mus musculus (existuje vela

plemien so Specialnymi vlastnostami).
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Dostupné data
e DNA sekvencie: celé gendmy, ich Casti
e Ich anotdcia: suradnice génov a inych funkcnych ¢asti
e Sekvencie RNA, ich Struktura
e Sekvencie proteinov, ich funkcia a Struktura
e Merania mnozstva RNA/proteinu v bunke

Data zalozené na experimentoch alebo vysledky vypocétovych metdd

Vela chyb (v oboch pripadoch)
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Dalsie informacie
e Zvelebil, Baum: Understanding Bioinformatics, kap. 1
e Vysokoskolské ucebnice molekularnej biolodgie
e Anglicka wikipédia

e Tutorialy na stranke predmetu
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Uvod do pravdepodobnosti, sekvenovanie genémov

(cvicenie)

Askar Gafurov
3.10.2019



e (G = dizka genému, napr. 1 000 000
e /N = pocet ¢itani (readov), napr. 10 000
e [ = dizka &itania, napr. 1000

e T = potrebna dizka prekryvu, napr. 50



Nahodne generované Citania
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Pokrytie jednotlivych baz
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Pocet baz s urcitym pokrytim
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Predpokladany pocet kontigov od poctu citani
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Uvod do dynamického programovania, proteomika

Askar Gafurov
7.10.2021



Proteomika
Protein: sekvencia pozostava z 20 rdznych aminokyselin

MGLSDGEWQLVLNVWGKVEAD IPGHGQEVLIRLFKGHPETLEKFDKFKHLKSEDEMKASE
DLKKHGATVLTALGGILKKKGHHEAEIKPLAQSHATKHKIPVKYLEFISECIIQVLQSKH
PGDFGADAQGAMNKALELFRKDMASNYKELGEQG

Z bunky sme izolovali urcity protein, chceme zistit' jeho sekvenciu.



Hmotnostna spektrometria (mass spectometry)
e Meria pomer hmostnost/naboj molekul vo vzorke
e Pouziva sa na identifikaciu proteinov
e Protein nasekame enzymom trypsin (seka na [KR] { P }) na peptidy
e Meriame hmostnost kuskov, porovname s databazou proteinov.

e Tandemova hmotnostna spektrometria (MS/MS) d'alej fragmentuje kazdy

kusok a dosiahne podrobnejSie spektrum, ktoré obsahuje viac informécie

e V niektorych pripadoch tak vieme sekvenciu proteinu urcit priamo z MS/MS,

bez databazy proteinov



Tandemova hmotnostna spektrometria MS/MS

Stiepenie peptidu na prefixy a sufixy

| I
R R

[

¢

zdroj: Bafna and Reinert

b-idny: prefixy
y-idny: sufixy

- CO +NH+C—CO - NH-C — CO

——

NH—C — COOH



Tandemova hmotnostna spektrometria MS/MS
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zdroj: Bafna and Reinert



Sekvenovanie peptidov pomocou MS/MS

Vstup: celkova hmotnost peptidu M,

hmotnosti aminokyselin a[1], . .., a[20] (celé ¢&isla),

spektrum ako tabufka f 0], ..., f[M], ktord hmotnosti ur&i skore podla signalu
v okoli prislusného bodu grafu

Oznacenie:

Nech x = x1 ... X je postupnost aminokyselin

Nech m(z) = Zle a|x ;] je hmotnost x

Nech Mp(z) = {m(zy...x;) | j=1,...,k} st hmotnosti prefixov =
Nech Mg(x) = {m(z;...z;) | j=1,..., Kk} st hmotnosti sufixov =

Problém 1: uvaZzujeme iba b-iony (prefixy)

Vystup: postupnost aminokyselin z taka, ze m(z) = M a ), c vqp (o) /1M

je maximalna mozna



Priklad

Uvazujme len 3 aminokyseliny X,Y,Z
M =23,a|X|=4,alY]=6,alZ] =7

m 4 6 7 11 12 17 18 19
fiml 111 1 1 1 1 1

Hmotnosti prefixov M p(XZYY) =
{m(),m(X), m(XZ), m(XZYY) m(XZYY)} ={0,4,11,17,23}

Hmotnosti sufixov Mg(XZYY) =
{m(),m(Y),m(YY),m(ZYY)
Skére XZYY: Y-, c vt (zy xx) /|

Skére XZXXX: Y, c i (zy zzz) fIm] =
F0]+ f[4] + fA1] + F[15] + f[19] + f[23] =04+ 1+14+0+14+0=3

m(XZYY)} = {0,6,12,19, 23}
ml=0+1+14+1+0=3



Sekvenovanie peptidov pomocou MS/MS
Problém 2: uvazujeme prefixy aj sufixy, s¢itame ich skore

Vystup: postupnost aminokyselin x taka, ze m(x) = M a

ZmEMP(a:) f[m] + ZmGMs(x) f[m] je maximalna mozna

Problém 3: uvazujeme prefixy aj sufixy, s¢itame ich skére, ale kazdd hmotnost’

zapocitame najviac raz

Vystup: postupnost aminokyselin x taka, ze m(x) = M a

ZmEMP(Jj)UMS(x) f|m] je maximalna mozna



Priklad
M =23,a|X|=4,alY]=6,alZ] =7

m 4 6 7 11 12 17 18 19
fiml 111 1 1 1 1 1

Mp(XZYY) ={0,4,11,17,23} Mg(XZYY) = {0,6,12,19, 23}

Mp(XZXXX) ={0,4,11,15,19, 23}
Mg(XZXXX) ={0,4,8,12,19,23)

Skore XzYY:04+1+14+14+04+04+1+14+1+0=06

Skéore XZXXX:0+1+14+0+1+0+04+14+0+1+14+0=6

Problém 3: 3 (. (x)umMs(z) /™
XzvyyY:{0,4,6,11,12,17,19,23},1+14+14+1414140=06

XZXXX:{0,4,8,11,12,15,19,23},14+04+14+1+0+1+0=4



Ekvivalencia problémov

Problém 2: maximalizuieme > v, ) [ + 2 e ms (o) ST

Ind formulacia: maximalizujeme >, vq () 917
kde g[m] = flm] + f[M —m)]
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Ekvivalencia problémov

Problém 3: maximalizujeme > . 1 (x)ums(z) [T

Ind formulacia: maximalizujeme > ., v1 (2)UMs (), m< /2 MM
flm]+ f[M —m] akm < M/2

kde h|m| =
flm] akm = M/2
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Jadra zarovnani

Brona Brejova
20.10.2022



Opakovanie: Heuristické lokalne zarovnavanie, BLAST

Priklad: k = 2 (zaginame z jadier dizky 2).
(V praxi sa pouziva k = 10 a viac.)

C AG T C C T A G A

1. najdi zhodné useky
2. rozsir bez medzier
3. spoj medzerami

>—H>0-40-4>0



Senzitivita heuristického algoritmu

Odhad senzitivity:
Predpokladadme zarovnanie bez medzier, dizky L

Kazda pozicia je zhoda s pravdepodobnostou p

Senzitivita:

f(L,p) = Pr(zarovnanie obsahuje k zhéd za sebou)

1.0+
ﬁ 0.8
B |
—n=0.6
2 0.6- P
g —p=0.7
’g 04; —p=0.3
s —p=0.9
N
S 02
W
0.0 H———— R NI .
0 100 200 300

dlzka zarovnania LL



Senzitivita heuristického algoritmu

Predpokladame zarovnanie bez medzier, dizky L
Kazda pozicia je zhoda s pravdepodobnostou p

Senzitivita f (L, p) = Pr(zarovnanie obsahuje k zhéd za sebou)

Budeme pocitat’

Al[n| =1 — f(n,p) = Pr(zarovnanie neobsahuje k zhéd za sebou)



Opakovanie: ako funguje hfadanie jadier

DB: uloz k-mery do hasovacej tabulky Query: hfadaj v tabufke

AGTGGCTGCCAGGCTGG cGaGGCTGCCtGGLTGEG
AGTGG, 0 CGAGG
GTGGC, 1 GAGGC
TGGCT, 2 AGGCT <-—
GGCTG, 3 GGCTG <-
GCTGC, 4 GCTGC <-
CTGCC, 5 CTGCC <-—
TGCCA, 6 TGCCT
GCCAG, 7 GCCTG
CCAGG, 8 CCTGG
CAGGC, 9 CTGGT
AGGCT, 10 TGGTT
GGCTG, 11 GGTTG

GCTGG, 12 GTTGG



Setrenie paméatou: BLAT

k=5,s=3
AGTGGCTGCCAGGCTGG cGaGGCTGCCLGGLTGG
AGTGG, O CGAGG
GGCTG, 3 GAGGC
TGCCA, 6 AGGCT
CAGGC, 9 GGCTG <-
GCTGG, 12 GCTGC
CTGCC
TGCCT
GCCTG
CCTGG
CTGGT
TGGTT
GGTTG

GTTGG



Setrenie pamatou: minimizery

k=5,s=3
AGTGGCTGCCAGGCTGG cGaGGCTGCCLGGLTGG
AGTGG, O CGAGG
GTGGC GAGGC
TGGCT AGGCT
GGCTG, 3 GGCTG
GCTGC, 4 GCTGC
CTGCC, 5 CTGCCx <—-—
TGCCA TGCCT
GCCAG GCCTG
CCAGG, 8 CCTGG*
CAGGC, 9 CTGGT*
AGGCT, 10 TGGTT
GGCTG GGTTG*

GCTGG GTTGG



BLAST vs BLAT vs minimizers

n: dizka DB, m: dizka query, krok s

Program k-merov v slovniku  k-merov hfaddme  jadro zarucené pri
BLAST n m k zhod pri sebe
BLAT n/s m k 4 s — 1 zhod pri sebe

minimizery cca2n/(s + 1) cca2m/(s+1) k+ s — 1zhod pri sebe

V poctoch k-merov sme zanedbali ¢leny typu —w + 1



Algoritmy pre HMM

Brona Brejova
26.10.2023



Opakovanie: HMM (skryty Markovov model)

model

(HMM) ——nahodna DNA sekvencia S, ndhodna anotacia A

(podobné na ozajstni DNA)

Pr(.S, A) — pravdepodobnost, ze model vygeneruje par (S, A).
0.999 0.99 0.99

0.001 0.007

0.003 0.01
a:0.27 a:0.24 a:0.26
c:0.23 c:0.27 c:0.22
g:0.23 2:0.28 g:0.22
t:0.27 t:0.21 t:0.30

Predpokladajme, ze model vzdy zac¢ina v modrom stave.
Pr(asag) = 0.27 - 0.001 - 0.27-0.99-0.24 - 0.99 - 0.28 = 4.8 - 107°
Pr(aeag) = 0.27 - 0.999 - 0.23 - 0.999 - 0.27 - 0.999 - 0.23 = 0.0038



Iny hrackarsky priklad: pocasie
e Obdobie nizkeho tlaku vzduchu: vacsinou prsi
e Obdobie nizkeho tlaku vzduchu: vacsinou slne¢no

Kazdé obdobie trva typicky nielkoko dni

Cvicenie: reprezentuj ako HMM



Parametre HMM (oznacenie)
Sekvencia S = S1,...,9,

Parametre modelu:

Prechodové pravdepodobnost a(u, v) = Pr(A;1+1 = v|4; = u),
Emisnéa pravdepodobnost e(u, x) = Pr(S; = x|A; = u),
Potiatotna pravdepodobnost 7m(u) = Pr(A; = u).

a [] e a c g t

B | 099 0.007 0.003 B | 024 027 028 0.21
001 099 0 026 022 0.22 0.30
0.001 0 0.999 027 023 023 0.27

Vysledna pravdepodobnost’:
PI’(A, S) = 7T(A1)€(A1, Sl> H?:2 CL(AZ'_l, Az)EE(AZ, Sz)



Viterbiho algoritmus

Pre dané HMM a sekvenciu .S

najdi najpravdepodobnejSiu anotaciu (postupnost stavov)
A = argmaxy Pr(A,S) = argmax 4 Pr(A|S)

Ako by ste to riesili?

Pripomenme si priklad:

Pr(asag) = 0.27 - 0.001 - 0.27-0.99 - 0.24 - 0.99 - 0.28 = 4.8 - 10~°
Pr(aeag) = 0.27 - 0.999 - 0.23 - 0.999 - 0.27 - 0.999 - 0.23 = 0.0038



Viterbiho algoritmus
Najdi najpravdepodobnejsiu postupnost stavov A = arg max 4 Pr(A4, S)

Podproblém V' [u, ¢|: pravdepodobnost najpravdepodobnejsej cesty konéiace;
po ¢ krokoch v stave u, pricom vygeneruje S155 ... .5;

0.999 0.99 0.99 v [’LL, Z] 2 c 2 g
80'001 QO'OW 8 [ ]
0.003 0.01
a:0.27 a:0.24 a:0.26
c:0.23 c:0.27 c:0.22
g:0.23 2:0.28 g:0.22
t:0.27 t:0.21 t:0.30




Viterbiho algoritmus

Podproblém V' [u, ¢|: pravdepodobnost najpravdepodobnejsej cesty konéiace;
po ¢ krokoch v stave u, pricom vygeneruje 5155 ... .S;

Rekurencia?
Viu,1] =
Viu,i| =

Pripomenme si oznacenie:

Sekvencia S = S1,..., S, anotacia (stavy) A = A{,..., A,
Prechodové pravdepodobnost a(u, v) = Pr(A;11 = v|4; = u),
Emisnéa pravdepodobnost e(u, x) = Pr(S; = x|A; = u),
Potiatotna pravdepodobnost 7m(u) = Pr(A; = u).

PI’(A, S) = 7T(A1)€(A1, Sl) H?:2 CL(AZ'_;[, AZ)G(AZ, Sz)



Viterbiho algoritmus

Podproblém V' [u, ¢|: pravdepodobnost najpravdepodobnejsej cesty konéiace;
po ¢ krokoch v stave u, pricom vygeneruje 5155 ... .S;

Rekurencia:
Viu,1] = w(u) - e(u, Sy)
Viu, i = max,, V|w,i — 1] - a(w, u) - e(u, S;)

Algoritmus, celkova odpoved’, cas vypoctu?

Pripomenme si oznacenie:

Sekvencia S = S1,..., S, anotacia (stavy) A = A{,..., A,
Prechodové pravdepodobnost a(u, v) = Pr(A;11 = v|4; = u),
Emisnéa pravdepodobnost e(u, x) = Pr(S; = x|A; = u),
Potiatotna pravdepodobnost 7m(u) = Pr(A; = u).

PI’(A, S) = 7T(A1)€(A1, Sl) H?:2 CL(AZ'_;[, AZ)G(AZ, Sz)



Viterbiho algoritmus (zhrnutie)
N4jdi najpravdepodobnejsiu postupnost stavov A = arg max 4 Pr(A4, S)

Podproblém V' [u, ¢|: pravdepodobnost najpravdepodobnej$ej cesty kongiace;
po ¢ krokoch v stave u, pricom vygeneruje 5155 ....5;

Rekurencia:
Viu,1] = w(u) - e(u, Sy)

Viu, i = max, Vw,i — 1] - a(w, u) - e(u, S;)

Algoritmus:
Inicializuj V' [*, 1]
fori = 2...n (n=dizka S)
foru =1...m (m =pocet stavov)
vypotitaj V'[u, i, uloZ najlepsie w do Blu, i
Maximéalne V' |u, n| cez véetky u je max 4 Pr(A,.5)
Cestu najdi odzadu pomocou matice B

Dynamické programovanie v ase O(nm?)



Dal$i problém: celkova pravdepodobnost’ S

Viterbi poéita arg max 4 Pr(A, .5)

Teraz chceme celkovu pravdepodobnost, Ze vygenerujeme sekvenciu S
tj. Pr(S) =>_ ,Pr(4,5)

Uzito€né napr. na porovnavanie réznych modelov,

ktory méa vacsiu Sancu vygenerovat S

Ako by ste to pocitali?

Pripomenme si priklad:

Pr(asag) = 0.27 - 0.001 - 0.27-0.99 - 0.24 - 0.99 - 0.28 = 4.8 - 10~°
Pr(aeag) = 0.27 - 0.999 - 0.23 - 0.999 - 0.27 - 0.999 - 0.23 = 0.0038

10



Dopredny algoritmus (forward algorithm)

Pocita celkovu pravdepodobnost, ze vygenerujeme sekvenciu S,

Pr(S)=>, Pr(A,95)

Podproblém F'|u, i|: pravdepodobnost, Zze po ¢ krokoch vygenerujeme

S1,S55,...5; adostaneme sa do stavu wu.

Flu,i]| =Pr(A; =u AN S1,5,...,5;) =
ZALAQ,---,A@':U Pr(A, A, ..., A; AN S1,52,...,5;)
Rekurencia?

Flu,1] =

Flu,i] =

Pripomenme si rekurenciu z Viterbiho:
Viu, 1] = w(u) - e(u, S1)

Viu, i = max, Vw,i — 1] - a(w, u) - e(u, S;)

11



Dopredny algoritmus (forward algorithm)

Pocita celkovu pravdepodobnost, ze vygenerujeme sekvenciu S,

Pr(S)=>, Pr(A,95)

Podproblém F'|u, i|: pravdepodobnost, Zze po ¢ krokoch vygenerujeme

S1,S55,...5; adostaneme sa do stavu wu.

Rekurencia
Flu,1] = n(u) - e(u, S1)
Flu,i] =), Flw,i—1]-a(w,u) - e(u, S;)

Pripomenme si rekurenciu z Viterbiho:
Viu, 1] = w(u) - e(u, S1)

Viu,i] = max,, Vw,i — 1] - a(w, u) - e(u, S;)

12



Dopredny algoritmus (forward algorithm)

Pocita celkovu pravdepodobnost, ze vygenerujeme sekvenciu S,

Pr(S)=>, Pr(A,95)

Podproblém F'|u, i|: pravdepodobnost, Zze po ¢ krokoch vygenerujeme

S1,S55,...5; adostaneme sa do stavu wu.

Rekurencia
Flu,1] = n(u) - e(u, S1)
Flu,i] =), Flw,i—1]-a(w,u) - e(u, S;)

Vysledok?
Celkova pravdepodobnost Pr(.S) =

Cas vypoctu?

13



Dopredny algoritmus (forward algorithm)

Pocita celkovu pravdepodobnost, ze vygenerujeme sekvenciu S,

Pr(S)=>, Pr(A,95)

Podproblém F [u, z] pravdepodobnost, Ze po 7 krokoch vygenerujeme

S1,S55,...5; adostaneme sa do stavu wu.

F[U,Z] :PI'(A@ :’U,/\Sl,SQ,...,SZ') =
ZA]_,AQ,...,Ai:'U, Pr(A17A27“'7A73 /\5175127'“751')

Vysledok
Celkova pravdepodobnost Pr(S) = ) Flu,n|

Cas vypoétu O(nm?)

14



Treti problem: pravdepodobnost, Ze .S; bolo generované v stave u

T AZ:’U,,S
Pr(4; = u|§) = Prldzws)

Pr(A; =u,S) =) 4.4, Pr(4,5)

Vypocitame kombinaciou dopredného a spatného algoritmu

F|u, i]: pravdepodobnost, Ze po i krokoch vygenerujeme S1,.55,....5; a
dostaneme sa do stavu wu.

Blu, i]: pravdepodobnost, ze ak zatneme v u na pozicii 4, tak vygenerujeme

v Vv /s

Sii1...,Sy vnajblizdich krokoch

Pr(A; =u,S) = Flu,i] - Blu,1]

15



Spatny algoritmus (backward algorithm)

Dopredny algoritmus: pravdepodobnost, Ze po 7 krokoch vygenerujeme

S1,855,....5; adostaneme sa do stavu u.

Flu,1] = w(u) - e(u, Sy)
Flu,i] =), Flw,i—1]-a(w,u) - e(u, S;)

Spatny algoritmus: B [u, z] pravdepodobnost, Ze ak zacneme v u na pozicii ¢,

v v/

tak vygenerujeme S;11 ..., Sy v najbliz§ich krokoch

Ako spoéitat Blu, i]?

16



Spatny algoritmus (backward algorithm)

Dopredny algoritmus: pravdepodobnost, Ze po 7 krokoch vygenerujeme
S1,855,....5; adostaneme sa do stavu u.

Flu,1] = w(u) - e(u, Sy)
Flu,i] =), Flw,i—1]-a(w,u) - e(u, S;)

Spatny algoritmus: B [u, z] pravdepodobnost, Ze ak zacneme v u na pozicii ¢,

v v/

tak vygenerujeme S;11 ..., Sy v najbliz§ich krokoch

Blu,n] =1
Blu,t] =), Blw,i+ 1] - a(u,w) - e(w, Si+1)

Cviéenie: Ako spocitat Pr(S) pomocou matice B?

17



Aposteriorne dekddovanie (posterior decoding)

Videli sme: Pr(A; = u|S) = “Pigkg)[u,i]

Aposteriorne pravdepodobnosti stavov:
Pouzitim dopredného a spatného alg. vieme teda spocitat

Pr(A; = u|S) pre vetky u a i v celkovom gase O(nm?)

Aposteriorne dekdédovanie
Pre dané S zvolime A také ze A; = max; Pr(4; = u|.S)
Vyhoda: Berie do Uvahy suboptimalne postupnosti stavov

Nevyhoda: Pr(A | .S) méze byt 0 alebo vefmi nizka

Ina moznost: zvolime A Viterbiho algoritmom, aposteriérne pravdepodobnosti

pouzijeme na priradenie doéveryhodnosti jendotlivym ¢astiam A

18



Hradanie génov s HMM

model ——nahodna DNA sekvencia S, ndhodna anotacia A

e Urcenie stavov a prechodov v modeli: ru¢ne, na zaklade poznatkov o
Strukture génu. 8 ? 8

e Trénovanie parametrov: pravdepodobnosti urCime na zaklade sekvencii so

znamymi génmi (trénovacia mnozina).
Model zostavime tak, aby pary (S, A) s vlastnostami podobnymi skuto&nym

génom mali velku pravdepodobnost Pr(S, A)

e Pouzitie: pre novu sekvenciu S najdi najpravdepodobnej$iu anotaciu
A = arg max 4 Pr(A|S) Viterbiho algoritmom v O (nm?)

19



Trénovanie HMM
e Stavovy priestor + povolené prechody vacsinou ru¢ne

e Parametre (pravdepodobnosti prechodu, emisie a pociatocné) automaticky
z trénovacich sekvencii

e Cim zlozitej$i model a viac parametrov mame, tym potrebujeme viac
trénovacich dat, aby nedoslo k preuceniu, t.j. k situacii, ked model dobre

zodpoveda nejakym zvlastnostiam trénovacich dat, nie vsak d'alSim datam.

e Presnost modelu testujeme na zvlastnych testovacich datach, ktoré sme

nepouzili na trénovanie.

20



Trénovanie HMM z anotovanych sekvencii

Vstup: topoldégia modelu a niekofko trénovacich parov

(S, AW (§@, 4D,

Cief': nastavit 7(u), e(u, z), a(u, v) tak, aby [, Pr(S, A(%)) bola ¢o
najvacsia

Dosiahneme jednoduchym pocitanim frekvencii

Napr. a(u, v) : najdeme vietky vyskyty stavu u a zistime, ako ¢asto za nimi ide
stav v

21



Trénovanie HMM z neanotovanych sekvencii

Vstup: topoldégia modelu a niekolko trénovacich sekvencii S()
anotacie A" nepozname

Cief': nastavit 7(u), e(u, z), a(u, v) tak, aby [, Pr(S")) bola ¢o najvassia

Pouzivaju sa heuristické iterativne algoritmy, napr. Baum-Welchov, ktory je

verziou vSeobecnejSieho algoritmu EM (expectation maximization).

V kazdej iteracii pouziva dopradny a spatny algoritmus.

22



Tvorba stavového priestoru modelu

Priklad HMM na hfadanie génov

23
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Modelling the evolution of genomes

@ The ultimate goal: to model the evolutionary distance between two genomes
» Input: sequences 51,5, € {A, C, G, T}* = X*, evolutionary time t
» Output: Pr[S; = S,] (formal way to denote: Pr[S, | i, t])
* Probability of sequence S1 to mutate into sequence Sy in evolutionary time t

* Formally: Probability of observing sequence S,, given that its evolutionary ancestor in time t is
sequence S1

@ Requirements:

v

Pr[S = 5] =1 (no evolution in zero time)
VS € % 1 Pr[$’ "=3° S] = w5 (with enough time, the starting point is irrelevant)

v

> Pr[S1 3 S, A5, 2 S35] = Pr[S; & S5] - Pr[S, 3 S3] (no memory)
> PriSy TP S = Y Pr(S &S] Pr[S, 3 S3] (multiplicativity)

S,ex*
* we can break time t into two parts t; and t;, and sum over all possible intermediate states

Askar Gafurov Substitution models November 9, 2023 2/24



What can we do with such a model (in the near future)

o Given a phylogenetic tree (phylogeny) T = (S C £*,E C S?,t: E — R) of sequences S
with times t(-, ) on the edges, we can compute its total probability by multiplying
probabilities of each edge:

PrS | Et] = PrlScc] - [ PrlS, =™ 5]
e:(Sa,Ss)€E

@ This allows us to compute the likelihood L(E,t;S) of a potential phylogeny T structure
E and times t w.r.t. sequences S in the nodes

» We can choose the best phylogeny structure by maximizing the total likelihood

@ We can even maximize the likelihood using only sequences in the leaves (present
species) by using the Felsenstein algorithm (next week)

Askar Gafurov Substitution models November 9, 2023 3/24



Simplifying assumptions

@ No indels, only substitutions
> = |51| = |52| =n
@ All bases mutate independently
» Compute mutation prob. for each base, and then multiply:

PriSi = (a1,...,an) = So = (b1, ..., by)] =

= Prla; 5 by] - Pr[as 5 by] - ... - Pr[a, = by] =

n
= H Pr[a,- —t> b,]
i=1

» Now, we only need to model the evolution of a single base Pr[a > b]

Askar Gafurov Substitution models November 9, 2023 4/24



Substitution model for one base

o Pr[a -5 b] for a fixed time t has only 16 possible input combinations {A, C, G, T}?2
PriA5S Al Pr{AS C] PAS G] PrlAS T
Pr[C 5 A] Pr[C5C] Pr[C5 Gl PriC5 T
Pr(G 5 Al Pr[G 5 C] Pr[G5 G] PriG 5 T]
Pr(T 5 Al PrT 5 C] PT 5G] PrT 5 T]
o General properties of matrix S(t):

» Pr[C 5G] =

e Written as a matrix: S(t) =

Askar Gafurov Substitution models November 9, 2023 5/24



Substitution model for one base

e Pr[a 5 b] for a fixed time t has only 16 possible input combinations {A, C, G, T }?
PriA5S Al Pr{AS C] PAS G] PrlAS T
Pr[C 5 A] Pr[C5C] Pr[C5 Gl PriC5 T
Pr(G 5 Al Pr[G 5 C] Pr[G5 G] PriG 5 T]
PrT 5 Al P[T % C] PrT 5G] PrT 5 T]
o General properties of matrix S(t):

»Pr[C5Gl=(0 1 0 0)-St)-(0 0 1 0)"
>S(O):

e Written as a matrix: S(t) =
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Substitution model for one base

e Pr[a 5 b] for a fixed time t has only 16 possible input combinations {A, C, G, T }?
PriA5S Al Pr{AS C] PAS G] PrlAS T
Pr[C 5 A] Pr[C5C] Pr[C5 Gl PriC5 T
Pr(G 5 Al Pr[G 5 C] Pr[G5 G] PriG 5 T]
Pr(T 5 Al PrT 5 C] PT 5G] PrT 5 T]
o General properties of matrix S(t):

»Pr[C5Gl=(0 1 0 0)-St)-(0 0 1 0)"

> S(0)= I,

> S(l’l) . 5(1’2) =

e Written as a matrix: S(t) =
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Substitution model for one base

e Pr[a N b] for a fixed time t has only 16 possible input combinations {A, C, G, T }?
PrlAS Al PrIAS C] PAS G] PrlAS T)
Pr[C 5 A] Pr[C5C] Pr[C5 Gl PriC5 T
Pr(G 5 Al Pr[G 5 C] Pr[G5 G] PriG 5 T]
Pr[T 5 Al Pr{T5C] Pr[T5G] Pr[TS T
o General properties of matrix S(t):

»PrC5Gl=(0 1 0 0)-5(t)-(0 0 1 0)f

» S(0)=1

> S(t)-S(t) = | S Prli % x] - Prlx 2>j]> B (s jl)ije): = S(t1+ 1)
iJET ’

XEX

o Written as a matrix: S(t) =

* S(k-t) = Sk(1)

Askar Gafurov Substitution models November 9, 2023 5/24



Model with discrete time

@ Assume that evolutionary time t is discrete
» at most one mutation occurs in time 1

@ A base now has 4 possible states, and has a chance to transit between
them in each time step, or stay the same = Markov chain

o 5(t)=

Askar Gafurov Substitution models November 9, 2023 6/24



Model with discrete time

@ Assume that evolutionary time t is discrete
» at most one mutation occurs in time 1

@ A base now has 4 possible states, and has a chance to transit between
them in each time step, or stay the same = Markov chain

e 5(t) =S*(1) = only need to define S(1)
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Model with discrete time

@ Assume that evolutionary time t is discrete
» at most one mutation occurs in time 1

@ A base now has 4 possible states, and has a chance to transit between
them in each time step, or stay the same = Markov chain

e S(t) =S*(1) = only need to define S(1)
e Stationary distribution (equilibrium)

TA TC
. _ o
S5(00) = lim¢—yo0 S(t) = lime0e ST(1) = 7r2 ﬂg

TG
TG
TG
TG

TT
TT
TT
TT

Askar Gafurov Substitution models

November 9, 2023
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Quick summary so far

o Evolution model = prob. Pr[S; < S5] = Pr[S, | S, t] of observing S, given that its
ancestor in evolutionary time t is 51
@ Assuming only substitutions
> |51 =[%|=n
@ Assuming independent evolution for each base
> Pr[S1 = (a1,...,an) = S = (b, ..., by)] = [1r—, Prlai = b;]
» Only need to define a (substitution) model for a single base
PrIAS Al Pr{ASC] PrlAS Gl PrlAS T]
PriC 5 A Pr[C5C] PrC5G] PriC 5T
PriG 5 Al Pr[G -5 C] Pr[G-5G] Pr[G 5 T]
PrT 5 Al Pr[T 5 C] PT 5G] PrT 5 T]
> S(t+ t2) = 5(t1) - S(t2)
e For discrete time, only need to define S(1)
» Classic Markov chain with states {A, C, G, T}, S(1) = matrix of transition probabilities

Askar Gafurov Substitution models November 9, 2023 7/24

> Prla = b] = S(t) =



Jukes-Cantor JC69 model

@ The plan: define Markov chains with continuous time (CTMC), where all substitutions
are equally likely

> S(t) =

Askar Gafurov Substitution models November 9, 2023 8/24



Jukes-Cantor JC69 model

@ The plan: define Markov chains with continuous time (CTMC), where all substitutions
are equally likely

1—3s(t) s(t) s(t) s(t) -3 1 1 1
_ s(t) 1—3s(t) s(t) s(t) _ 1 -3 1 1
»SO=1 & st)  1-3s() s |=/T|1 o1 Sz 1|
s(t) s(t) s(t) 1—3s(t) 1 1 1 =3
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Jukes-Cantor JC69 model

@ The plan: define Markov chains with continuous time (CTMC), where all substitutions
are equally likely

1—3s(t) s(t) s(t) s(t) -3 1 1 1
s(t 1—3s(t s(t s(t 1 -3 1 1
> S() = sgt; s(t)( : 1 —(35(t) s(t; =1+ 1 1 =3 1 +s(t)
s(t) s(t) s(t) 1—3s(t) 1 1 1 =3
o Let's look at s(t) closely
» 5(0)=0

» Let's denote the first derivative of s(t) at zero as «:

(0) % jim S0+ =s(0) _ ., s()

’
* Formally, a:=s
e—0 5 e—=0 ¢

_ 9Prla5 b]

* «
ot

t=0
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Derivative of S(t)

S'(t) i

" S(t+e)—5(t) _ lim S(t)S(e) = S(t) _

£ e—0 I
-3 1 1 1
1 -3 1 1
SOy 1 3 g |56
_ 1 1 1 -3
= lim 5(8)(5(2) = 1) = lim =
e—0 I e—0 £
-3 1 1 1
_ 1 -3 1 1 . s(e)
=S 1 1 3 1| im=
1 1 1 -3
—3a « « e}
a —3a a o
=5(1)- o a —3a «
« « « —3a

November 9, 2023
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Differential equation

-3a  « o o

) , , reoy . | « 3a  « o}

o We've got diff. equation S'(t) = S(t) - R, where R = N 0 230 a
o o a =3«

@ R is called transition rate matrix
o It is really a system of 16 ordinary differential equations S'(t)a» = (S(t) - R),
» for (A A): =3s'(t) = (1 — 3s(t))(—3a) + 3s(t)a = —3a + 12as(t)
* §'(t) = a — 4as(t)
» for (A, C): s'(t) = (1 —3s(t))a+ s(t)(—3a) + 25(t)a = o — das(t)
» which reduces to a single ordinary differential equation s’(t) = a — 4as(t) with start
condition s(0) =0

e—4at

1
e~*at.  1-3s(t) = i

W

e
Bl

e Solution: s(t) =
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ds

— =a—4as
dr &% 0%

ds
a — 4as

1 ds
5/1745_/10“

|(1 —4s) = x, —4ds = dx|

1 dx

In(1—-4s)=t+C

=dt

—4a
1—4s = e—4at+C
1— e—4at+C
4
1—e€

—4at

AL 1—e
HY Solution: s(t) = —a
H

—4at

;1—3s(t):%+%e
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Equilibrium for Jukes-Cantor model

lim Pr[A S5 Al = lim L
t—00 t—oo 4

. toq o1
thg;)Pr[A — C] = lim i

t—o0

1/4 1/4
1/4 1/4
1/4 1/4
1/4 1/4

4

4

1/4
1/4
1/4
1/4

3 _
e dat _

1 _
Ze dat _

1/4
1/4
1/4
1/4

Askar Gafurov Substitution models
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Quick summary so far

@ Jukes-Cantor substitution model:
» Continuous time t
» Equal probability of substitution Va # b : Pr[a — b] = s(t)
» Matrix form
1—3s(t) s(t) s(t) s(t)
S(t) = s(t) 1—3s(t) s(t) s(t)
- s(t) s(t) 1—3s(t) s(t)
s(t) s(t) s(t) 1—3s(t)
e Diff. equation s’(t) =1 —3s(t),s(0) =0
t 1 + §6_4at a==»s
o Pr[a — b] = Sjc(t)&b = {;i _ %ef4at a4 b

e Equilibrium for JC: mp = 1¢c =76 =77 = 3
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Example for Jukes-Cantor

o Input: S; = TAACCGT, S, = AATGCGT, evolutionary time t = 0.5, « = 3
@ Result:

. 3 #(ai=bi) 1 1 #(ai#b;)
Pr(S1 — So] = H Prla; 5 b] = ( + 4e_40‘t) ) (Z_L _ Ze—4at> _

1 3 11 3 . 3
— (217 0%) . ([Z_Ze%) ~(0. - (0. ~ 0.
= ( it e ) (4 7€ ) (0.2519)* - (0.2493)* ~ 0.0000624
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Example for Jukes-Cantor

o Input: S; = TAACCGT, S, = AATGCGT, evolutionary time t = 0.5, « = 3

@ Result:

n #(ai=bi)
Pr[51 —t> 52] = H Pr[a,- —t> b,'] = (1 + 36_4at> . (1 — 16_4(“

#(ai#bi)
. 4" 4 4 4 )
i=1

1 3 \* /1 1 _\° A 3

=(-+—-e = —-e ~ (0.2519)" - (0.2493)" ~ 0.0000624
4 4 4 4

@ Notice that parameters t = 30, & = 1/20 would give the same result

» Because t and « are always in a product
» Standard practice is to select « such that E[# mutations in time t =1] =1

* # mutations in time t = 1 ~ Poisson (A = 3a), E = 3, E[#] =1 when a =1/3
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Estimation of evolutionary time in JC model

e Input: S; = TAACCGT, S, = AATGCGT, o = 1/3 (standard)
@ Goal: find the best evolutionary time t*
@ Best = with highest likelihood

> likelihood £(t; St, Sp, ) = Pr[S; 5 S, | a] = (3 + 3e—4at) =) (1 _ 1 omtary#(a7b),
» t* =argmax L(t; 51,5, 0) = — = In (1 - %d), where d := proportion of different positions

t>0
! —— Likelihood
0.0015 ! --- Maximum=0.36
i
8 0.0010 i
27 i
g i
= 0.0005 i
i
i
0.0000 -

0 1 2 3 4 5
Evolutionary time t

Askar Gafurov Substitution models November 9, 2023 15/24



Exact estimator of evolutionary time in JC model

t* = argmax L(t; S1, S2, &) = argmax log L(t; S1, S, ) =
t>0 t>0

= argmax #(a; = bj)log (1 — 3s(t)) + #(ai # bi) log s(t).

>0

df _ 3#(ai = bi) n #(ai # b)) _ (1= 3s)#(#) = 3s#(=)

ds 1-3s s s(1—3s)

dS _ —4at
i -e .

df df ds df (1 - 35)#(#) — 3s#(=) _
0T g T s 0 S(1 — 3s) 0=
s (1= 38)#(£) — 3s#(=) = 0 —> s — 3'(#(%?#(:)) - #3(?).

1 1 40 #(F) _ 44 (#)
Z—Ze =3, — —4dat =1In <1— 3n )ﬂ

PARENTAL —|n<1—i (7&)) \

ADVISORY o) ket

HARD MATH 4a 4a
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Behaviour of the time estimator

N 1 4

Estimated time t

0.0 0.2 0.4 0.6 0.8 1.0
Proportion of changed bases d
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More general models

-3« a Q o
—3« « «
@ JC69 model: rate matrix R =
JC69 « « -3« «
o o « -3

@ Sum in a row must equal to 0

dPrla 5 b
® Rap = % speed of change from a to b
¥ HAC HMAG MAT
@ In general: R = rcA % pHCG HCT

HGA HG,C * UG, T
HT A MT,C HT,G *
» Diagonal is set to make row sum up to 0
» Some regularity conditions apply
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Solution to a general model

@ The differential equation S'(t) = S(t) - R holds for any rate matrix R

o The general solution is S(t) = ef*

o How to compute eft?
» diagonalization of matrix R = Q- A- Q1, where
* @ = orthogonal matrix (of eigenvectors)
* A =diag(\1,. .., As) is a diagonal matrix (of eigenvalues)
> R"=(Q-A-Q7)" = QANQIQAQ Q... QIQAQ = QAQ ! =
Q - diag(Af,..., A7) - Q!

n

Rt io (Re)" _ 5 Q - diag((Mt)", ..., (M\at)") - Q1

n! — nl o
1=

n ; n!
i=0 =0

= Q- diag (Z ()\1:')""“’ (Alt)n> Q1= Q- diag (e/\lt"”’e)qt) Q!
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Solution in general form

%fZSR:/i;:/Rdt:ms:Rt+c:>s:e’?f+c;5(o):/:>5(t):e’“

1 -1 -1 1 025 025 -025 0.75
o o 1 1| . 025 -025 075 025
Rico=1 ¢ 1 o 1| des(-4a—40,—40)- | 00 75 025 —025
1 0 o0 1 025 025 025 025
1 -1 -1 1 025 —025 -025 0.75
0 0 1 1| o [ 4ot —ser ot 025 —025 075 025
Siee(t) =1 o 1 o 1 'd'ag(e €€ ’1)' —025 075 —025 —0.25
1 0 0 1 025 025 025 025
PARENTAL
HARD MATH
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Kimura's K80 model

Also called Kimura's 2 parameter model (K2P)
A and G are purines, C and T are pyrimidines

» Transitions: within the same group A+— G, C +— T
» Transversions: between the groups

o Transitions are more frequent than transversions
rate of transitions

K= - , set rate of transversions to 1

rate of transversions
*x 1 k 1
1 x 1 &k

o R =

K80 k1 x 1

1 k 1 =

e Equilibrium is still g = 7¢ =g =717 = 25%
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Hasewaga-Kishino-Yano HKY85 model

e Transition/transversion ratio x & arbitrary equilibrium (7a, 7c, 7¢, 77)

* Tc KTG TT
TA * TG KTT
® Rukyss =
R-TA TC * T
TA KTC TG *
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Other models

Kimura's 3 parameter model (K3P, K81)

> 1 transition rate 4 2 transversion rates
» admits Hadamard transformation (generalized Fourier)

Felsenstein F81 model
» JC69 + arbitrary equilibrium
Tamura T92 model
» K80 + GC content
Tamura and Nay TN93 model
» 2 transition rates + 1 transversion rate
e Tavaré GTR86 model (General Time Reversible)

> everything from the above: arbitrary equilibrium + 6 rate
parameters
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Summary

o Evolution model: Pr[$; 5 S,

» Independent base evolution = Pr[S; = $,] = 17, Prla; 5 by

» Continuous time t + Only substitutions = Continuous time Markov chains (CTMC)
@ Substitution model for one base (CTMC)

* HA,C  HAG MHAT
nc,A * Hc,c  MHC,T
HG,A HG,C * UG, T
UT,A KT, BTG  *
» S,,(t) = Prla = b] from S(t) = Rt using diagonalization trick

» substitution rate matrix R = , rows sum up to zero

o Different rate matrices R give different models:

» JC69 model: all substitutions are equally likely, equilibrium 25%
» K80 model: transition/transversion ratio x, equlibrium 25%
» HKY85 model: K80 + arbitrary equilibrium
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Algoritmy pre HMM

Brona Brejova
26.10.2023



Opakovanie: HMM (skryty Markovov model)

model

(HMM) ——nahodna DNA sekvencia S, ndhodna anotacia A

(podobné na ozajstni DNA)

Pr(.S, A) — pravdepodobnost, ze model vygeneruje par (S, A).
0.999 0.99 0.99

0.001 0.007

0.003 0.01
a:0.27 a:0.24 a:0.26
c:0.23 c:0.27 c:0.22
g:0.23 2:0.28 g:0.22
t:0.27 t:0.21 t:0.30

Predpokladajme, ze model vzdy zac¢ina v modrom stave.
Pr(asag) = 0.27 - 0.001 - 0.27-0.99-0.24 - 0.99 - 0.28 = 4.8 - 107°
Pr(aeag) = 0.27 - 0.999 - 0.23 - 0.999 - 0.27 - 0.999 - 0.23 = 0.0038



Iny hrackarsky priklad: pocasie
e Obdobie nizkeho tlaku vzduchu: vacsinou prsi
e Obdobie nizkeho tlaku vzduchu: vacsinou slne¢no

Kazdé obdobie trva typicky nielkoko dni

Cvicenie: reprezentuj ako HMM



Parametre HMM (oznacenie)
Sekvencia S = S1,...,9,

Parametre modelu:

Prechodové pravdepodobnost a(u, v) = Pr(A;1+1 = v|4; = u),
Emisnéa pravdepodobnost e(u, x) = Pr(S; = x|A; = u),
Potiatotna pravdepodobnost 7m(u) = Pr(A; = u).

a [] e a c g t

B | 099 0.007 0.003 B | 024 027 028 0.21
001 099 0 026 022 0.22 0.30
0.001 0 0.999 027 023 023 0.27

Vysledna pravdepodobnost’:
PI’(A, S) = 7T(A1)€(A1, Sl> H?:2 CL(AZ'_l, Az)EE(AZ, Sz)



Viterbiho algoritmus

Pre dané HMM a sekvenciu .S

najdi najpravdepodobnejSiu anotaciu (postupnost stavov)
A = argmaxy Pr(A,S) = argmax 4 Pr(A|S)

Ako by ste to riesili?

Pripomenme si priklad:

Pr(asag) = 0.27 - 0.001 - 0.27-0.99 - 0.24 - 0.99 - 0.28 = 4.8 - 10~°
Pr(aeag) = 0.27 - 0.999 - 0.23 - 0.999 - 0.27 - 0.999 - 0.23 = 0.0038



Viterbiho algoritmus
Najdi najpravdepodobnejsiu postupnost stavov A = arg max 4 Pr(A4, S)

Podproblém V' [u, ¢|: pravdepodobnost najpravdepodobnejsej cesty konéiace;
po ¢ krokoch v stave u, pricom vygeneruje S155 ... .5;

0.999 0.99 0.99 v [’LL, Z] 2 c 2 g
80'001 QO'OW 8 [ ]
0.003 0.01
a:0.27 a:0.24 a:0.26
c:0.23 c:0.27 c:0.22
g:0.23 2:0.28 g:0.22
t:0.27 t:0.21 t:0.30




Viterbiho algoritmus

Podproblém V' [u, ¢|: pravdepodobnost najpravdepodobnejsej cesty konéiace;
po ¢ krokoch v stave u, pricom vygeneruje 5155 ... .S;

Rekurencia?
Viu,1] =
Viu,i| =

Pripomenme si oznacenie:

Sekvencia S = S1,..., S, anotacia (stavy) A = A{,..., A,
Prechodové pravdepodobnost a(u, v) = Pr(A;11 = v|4; = u),
Emisnéa pravdepodobnost e(u, x) = Pr(S; = x|A; = u),
Potiatotna pravdepodobnost 7m(u) = Pr(A; = u).

PI’(A, S) = 7T(A1)€(A1, Sl) H?:2 CL(AZ'_;[, AZ)G(AZ, Sz)



Viterbiho algoritmus

Podproblém V' [u, ¢|: pravdepodobnost najpravdepodobnejsej cesty konéiace;
po ¢ krokoch v stave u, pricom vygeneruje 5155 ... .S;

Rekurencia:
Viu,1] = w(u) - e(u, Sy)
Viu, i = max,, V|w,i — 1] - a(w, u) - e(u, S;)

Algoritmus, celkova odpoved’, cas vypoctu?

Pripomenme si oznacenie:

Sekvencia S = S1,..., S, anotacia (stavy) A = A{,..., A,
Prechodové pravdepodobnost a(u, v) = Pr(A;11 = v|4; = u),
Emisnéa pravdepodobnost e(u, x) = Pr(S; = x|A; = u),
Potiatotna pravdepodobnost 7m(u) = Pr(A; = u).

PI’(A, S) = 7T(A1)€(A1, Sl) H?:2 CL(AZ'_;[, AZ)G(AZ, Sz)



Viterbiho algoritmus (zhrnutie)
N4jdi najpravdepodobnejsiu postupnost stavov A = arg max 4 Pr(A4, S)

Podproblém V' [u, ¢|: pravdepodobnost najpravdepodobnej$ej cesty kongiace;
po ¢ krokoch v stave u, pricom vygeneruje 5155 ....5;

Rekurencia:
Viu,1] = w(u) - e(u, Sy)

Viu, i = max, Vw,i — 1] - a(w, u) - e(u, S;)

Algoritmus:
Inicializuj V' [*, 1]
fori = 2...n (n=dizka S)
foru =1...m (m =pocet stavov)
vypotitaj V'[u, i, uloZ najlepsie w do Blu, i
Maximéalne V' |u, n| cez véetky u je max 4 Pr(A,.5)
Cestu najdi odzadu pomocou matice B

Dynamické programovanie v ase O(nm?)



Dal$i problém: celkova pravdepodobnost’ S

Viterbi poéita arg max 4 Pr(A, .5)

Teraz chceme celkovu pravdepodobnost, Ze vygenerujeme sekvenciu S
tj. Pr(S) =>_ ,Pr(4,5)

Uzito€né napr. na porovnavanie réznych modelov,

ktory méa vacsiu Sancu vygenerovat S

Ako by ste to pocitali?

Pripomenme si priklad:

Pr(asag) = 0.27 - 0.001 - 0.27-0.99 - 0.24 - 0.99 - 0.28 = 4.8 - 10~°
Pr(aeag) = 0.27 - 0.999 - 0.23 - 0.999 - 0.27 - 0.999 - 0.23 = 0.0038
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Dopredny algoritmus (forward algorithm)

Pocita celkovu pravdepodobnost, ze vygenerujeme sekvenciu S,

Pr(S)=>, Pr(A,95)

Podproblém F'|u, i|: pravdepodobnost, Zze po ¢ krokoch vygenerujeme

S1,S55,...5; adostaneme sa do stavu wu.

Flu,i]| =Pr(A; =u AN S1,5,...,5;) =
ZALAQ,---,A@':U Pr(A, A, ..., A; AN S1,52,...,5;)
Rekurencia?

Flu,1] =

Flu,i] =

Pripomenme si rekurenciu z Viterbiho:
Viu, 1] = w(u) - e(u, S1)

Viu, i = max, Vw,i — 1] - a(w, u) - e(u, S;)

11



Dopredny algoritmus (forward algorithm)

Pocita celkovu pravdepodobnost, ze vygenerujeme sekvenciu S,

Pr(S)=>, Pr(A,95)

Podproblém F'|u, i|: pravdepodobnost, Zze po ¢ krokoch vygenerujeme

S1,S55,...5; adostaneme sa do stavu wu.

Rekurencia
Flu,1] = n(u) - e(u, S1)
Flu,i] =), Flw,i—1]-a(w,u) - e(u, S;)

Pripomenme si rekurenciu z Viterbiho:
Viu, 1] = w(u) - e(u, S1)

Viu,i] = max,, Vw,i — 1] - a(w, u) - e(u, S;)

12



Dopredny algoritmus (forward algorithm)

Pocita celkovu pravdepodobnost, ze vygenerujeme sekvenciu S,

Pr(S)=>, Pr(A,95)

Podproblém F'|u, i|: pravdepodobnost, Zze po ¢ krokoch vygenerujeme

S1,S55,...5; adostaneme sa do stavu wu.

Rekurencia
Flu,1] = n(u) - e(u, S1)
Flu,i] =), Flw,i—1]-a(w,u) - e(u, S;)

Vysledok?
Celkova pravdepodobnost Pr(.S) =

Cas vypoctu?
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Dopredny algoritmus (forward algorithm)

Pocita celkovu pravdepodobnost, ze vygenerujeme sekvenciu S,

Pr(S)=>, Pr(A,95)

Podproblém F [u, z] pravdepodobnost, Ze po 7 krokoch vygenerujeme

S1,S55,...5; adostaneme sa do stavu wu.

F[U,Z] :PI'(A@ :’U,/\Sl,SQ,...,SZ') =
ZA]_,AQ,...,Ai:'U, Pr(A17A27“'7A73 /\5175127'“751')

Vysledok
Celkova pravdepodobnost Pr(S) = ) Flu,n|

Cas vypoétu O(nm?)

14



Treti problem: pravdepodobnost, Ze .S; bolo generované v stave u

T AZ:’U,,S
Pr(4; = u|§) = Prldzws)

Pr(A; =u,S) =) 4.4, Pr(4,5)

Vypocitame kombinaciou dopredného a spatného algoritmu

F|u, i]: pravdepodobnost, Ze po i krokoch vygenerujeme S1,.55,....5; a
dostaneme sa do stavu wu.

Blu, i]: pravdepodobnost, ze ak zatneme v u na pozicii 4, tak vygenerujeme

v Vv /s

Sii1...,Sy vnajblizdich krokoch

Pr(A; =u,S) = Flu,i] - Blu,1]

15



Spatny algoritmus (backward algorithm)

Dopredny algoritmus: pravdepodobnost, Ze po 7 krokoch vygenerujeme

S1,855,....5; adostaneme sa do stavu u.

Flu,1] = w(u) - e(u, Sy)
Flu,i] =), Flw,i—1]-a(w,u) - e(u, S;)

Spatny algoritmus: B [u, z] pravdepodobnost, Ze ak zacneme v u na pozicii ¢,

v v/

tak vygenerujeme S;11 ..., Sy v najbliz§ich krokoch

Ako spoéitat Blu, i]?

16



Spatny algoritmus (backward algorithm)

Dopredny algoritmus: pravdepodobnost, Ze po 7 krokoch vygenerujeme
S1,855,....5; adostaneme sa do stavu u.

Flu,1] = w(u) - e(u, Sy)
Flu,i] =), Flw,i—1]-a(w,u) - e(u, S;)

Spatny algoritmus: B [u, z] pravdepodobnost, Ze ak zacneme v u na pozicii ¢,

v v/

tak vygenerujeme S;11 ..., Sy v najbliz§ich krokoch

Blu,n] =1
Blu,t] =), Blw,i+ 1] - a(u,w) - e(w, Si+1)

Cviéenie: Ako spocitat Pr(S) pomocou matice B?
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Aposteriorne dekddovanie (posterior decoding)

Videli sme: Pr(A; = u|S) = “Pigkg)[u,i]

Aposteriorne pravdepodobnosti stavov:
Pouzitim dopredného a spatného alg. vieme teda spocitat

Pr(A; = u|S) pre vetky u a i v celkovom gase O(nm?)

Aposteriorne dekdédovanie
Pre dané S zvolime A také ze A; = max; Pr(4; = u|.S)
Vyhoda: Berie do Uvahy suboptimalne postupnosti stavov

Nevyhoda: Pr(A | .S) méze byt 0 alebo vefmi nizka

Ina moznost: zvolime A Viterbiho algoritmom, aposteriérne pravdepodobnosti

pouzijeme na priradenie doéveryhodnosti jendotlivym ¢astiam A

18



Hradanie génov s HMM

model ——nahodna DNA sekvencia S, ndhodna anotacia A

e Urcenie stavov a prechodov v modeli: ru¢ne, na zaklade poznatkov o
Strukture génu. 8 ? 8

e Trénovanie parametrov: pravdepodobnosti urCime na zaklade sekvencii so

znamymi génmi (trénovacia mnozina).
Model zostavime tak, aby pary (S, A) s vlastnostami podobnymi skuto&nym

génom mali velku pravdepodobnost Pr(S, A)

e Pouzitie: pre novu sekvenciu S najdi najpravdepodobnej$iu anotaciu
A = arg max 4 Pr(A|S) Viterbiho algoritmom v O (nm?)
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Trénovanie HMM
e Stavovy priestor + povolené prechody vacsinou ru¢ne

e Parametre (pravdepodobnosti prechodu, emisie a pociatocné) automaticky
z trénovacich sekvencii

e Cim zlozitej$i model a viac parametrov mame, tym potrebujeme viac
trénovacich dat, aby nedoslo k preuceniu, t.j. k situacii, ked model dobre

zodpoveda nejakym zvlastnostiam trénovacich dat, nie vsak d'alSim datam.

e Presnost modelu testujeme na zvlastnych testovacich datach, ktoré sme

nepouzili na trénovanie.

20



Trénovanie HMM z anotovanych sekvencii

Vstup: topoldégia modelu a niekofko trénovacich parov

(S, AW (§@, 4D,

Cief': nastavit 7(u), e(u, z), a(u, v) tak, aby [, Pr(S, A(%)) bola ¢o
najvacsia

Dosiahneme jednoduchym pocitanim frekvencii

Napr. a(u, v) : najdeme vietky vyskyty stavu u a zistime, ako ¢asto za nimi ide
stav v

21



Trénovanie HMM z neanotovanych sekvencii

Vstup: topoldégia modelu a niekolko trénovacich sekvencii S()
anotacie A" nepozname

Cief': nastavit 7(u), e(u, z), a(u, v) tak, aby [, Pr(S")) bola ¢o najvassia

Pouzivaju sa heuristické iterativne algoritmy, napr. Baum-Welchov, ktory je

verziou vSeobecnejSieho algoritmu EM (expectation maximization).

V kazdej iteracii pouziva dopradny a spatny algoritmus.

22



Tvorba stavového priestoru modelu

Priklad HMM na hfadanie génov
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Motifs

@ Motivation: DNA binding sites for a certain protein
» E.g. RNA polymerase (in gene expression)
@ The protein prefers some locations on DNA, but not a unique sequence
» E.g. AATATACC, but also AGTATACG or CATATCTC
» The probability of binding is not constant, some sequences are more likely to bind

@ Motif = a table of probabilities for each position of a binding site

A: 07 07 005 089 005 082 0.1 0.01
c: 02 005 0.05 0.01 005 01 08 0.8
G: 0.05 0.2 0.05 0.05 0.10 0.03 0.05 0.1
T: 0.05 005 0.85 0.056 0.80 0.05 0.05 0.09

e Pr[AGTATACG is binding | W] =0.7-0.2-0.85-0.89-0.80-0.82-0.8- 0.1 ~ 0.006
e Pr[AATATACC is binding | W] =0.7-0.7-0.85-0.89-0.80-0.82 - 0.8 - 0.8 ~ 0.156
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Generative model of a sequence with a motif
e Goal: define Pr[S | O, W] and Pr[O | W]
@ Pr[O | W] is easy: binding is equally likely to occur at every position (if we don’t know
the sequence)
> Pr[O | W] = m,

e Pr[S | O, W] is a bit tricky.
» We already know the prob. of letters at binding positions (0,0 +1,...,0+ L —1)
» Assign background frequency q(-) for letters outside the binding site
* eg. q(A)=q(T)=03,q(C) =q(G) =02
» Now, the prob. of observing S is a product of probs. for each letter:

where m = |§|

Pr[S = CCTATTGTATACCTATACC | O =6, W] =

=q(C)q(C)a(T)q(A)q(T):-
W[T,1JW[G,2]W[T,3]W[A,4W[T,5]W[A,6]W[C, 7]W]C, 8]
-q(T)q(A)a(T)q(A)q(C)q(C) ~

~1.11x107°
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Motif in a larger sequence

@ Question: Given a motif W € R**L and sequence S = CCTATTGTATACCTATACC,
where does the binding site starts?

» Assume there is exactly one binding site
> Let’s denote the binding site start as O.

@ We can compute Pr[O | S, W] for each possible value of O.

Bayes PI’[S | O, W] . PI’[O | W]
Prio |5 W] ™= S o Pr[S | O, W]-Pr[O" | W]

@ In human words: compute prob. of observing S given start O and motif W for each value
of O, and then normalize them to sum up to 1.

e Notation for the (eventual) renormalization:

Pr{O | S, W] ~Pr[S | O, W]-Pr[O | W]
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Motif in a larger sequence

e Now let's compute Pr[S = CCTATTGTATACCTATACC | O, W] for each value of O and

then renormalize it:

Pr(S|O =1, W] ~ 4.76
Pr[S|0 =2, W] ~ 7.00
Pr[S|0 = 3, W] ~ 1.04
Pr[S|O = 4, W] ~ 7.59
Pr(S|O =5, W] ~ 2.92
Pr[S|0 =6, W] ~ 1.11
Pr[S|0 = 7, W] ~ 7.87
Pr[S|O = 8, W] ~ 1.54
Pr[S|0 =9, W] ~ 9.19
Pr[S|O = 10, W] ~ 1.34
Pr[S|O = 11, W] ~ 6.12
Pr(S|O = 12, W] ~ 1.67
T~ 2.78

Askar Gafurov
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PrlO=1|S, W]~ 4.76
PrlO=2|S, W]~ 7.00
Prl0O =315, W]~ 1.04
PrlO =4S, W]~ 7.59
PrlO=5|S, W]~ 2.92
PrlO=6|S, W]~ 1.11
PrlO=71S, W]~ 7.87
PrlO=8|S, W] ~ 1.54
PrlO=9]S, W]~ 09.19
PrlO=10]S, W] ~ 1.34
PrlO =115, W] ~ 6.12
PrlO=12|S, W] ~ 1.67

EM, Gibbs
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X
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X
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X

10713 /(2.78 x 1 *09) ~ 0.00017
1077 /(2.78 x 10%) & 0.00000

0™ /(2.78 x 10 °9) ~ 0.00000
0~ /(2.78 x 107%) ~ 0.00003

10716 /(2.78 x 10™%) & 0.00000

(
(
(
(
(

10799 /(2.78 x 107%) ~ 0.39992
078 /(2.78 x 107%%) ~ 0.00000
0~ /(2.78 x 107%) ~ 0.00001

10‘17/(2 78 x 107%%) & 0.00000

10715 /(2.78 x 107%) ~ 0.00000
0715 /(2.78 x 107%) ~ 0.00000
(

10‘09/ 2.78 x 107 %) ~ 0.59987
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Quick summary so far

@ Motif W = a table of letter probabilities at each position of the site
» Wila, ] := Pr[j-th letter of a site is letter a]

o Probability of sequence S with a site at position O, motif W € R**L and background
letter frequency q is computed as a product:

0-1 L m
> Pr[s | o,wl= [T a(st)-[Twislo+j-1.40- [ a(SiD)
j=1 j=1 Jj=0+L
@ Probability of site being at position O of sequence S, motif W and b.f. g is computed by
renormalizing Pr[S | O, W] (assuming a unique occurrence):
» PrfO| S,W] ~Pr[S | O, W]
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Motif finding with known O (Two hands)

@ Task: Given a vector of sequences S = (51, ...

, Sn) of length m each, a vector of site

starts O = (04, ..., Op) and b.f. g, find the best motif W of length L!

» Assuming that the motif occurs exactly once in each sequence

e Example of input data (the sites are shown as red text):

Askar Gafurov

CGACTAAACCACGGA
AGATATAACAAAAAG
AAGTCACCATAAACT
AGTATTCCTATAGCA
TGACACATACCATGG
TAATATACCGCTTAC
TGCTAATAGTCCATA
TAATATACCGTATCT

Motifs, EM, Gibbs
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Motif finding with known O (Two hands)

@ best = most likely = with the maximum (log-)likelihood

def.

» Likelihood of W is £L(W;0,S) = Pr[S,0 | W]

» W* =argmax L(W;0,S) = argmax InL(W;0,S)

wew

@ Intuition: best W is obtained by counting letter frequencies at the sites

N 21
> Wa,j] = le[Oﬂ 1=a

i=1

CGACTAAACCACGGA
AGATATAACAAAAAG
AAGTCACCATAAACT
AGTATTCCTATAGCA
TGACACATACCATGG
TAATATACCGCTTAC
TGCTAATAGTCCATA
TAATATACCGTATCT

Askar Gafurov

wew
_. #24(0)
n
5/8 6/8
- |2/8 1/8
Wcountlng— 1/8 1/8
0/8 0/8

Motifs, EM, Gibbs

0/8
1/8
0/8
7/8

8/8
0/8
0/8
0/8

2/8
0/8
1/8
5/8

6/8
0/8
0/8
2/8

1/8
7/8
0/8
0/8
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Let's check the intuition

W* .= argmax InL(W;0,S) et argmax InPr[S,0 | W] =
wew

= argmax InPr[S | O, W] +InPr[O | W] =

wew
= InPr[S; | O;, W] =
al"/%emmzix ’2; nPr[S; | ]
= arg max Z Zlnq SilD —I—ZInW[S[O +ji-17+ Z nq(S) | =
wew i \ =1 j=0i+L
n
= arg max Z Z In W[a,j]-ZlSi[O#Fl]m =
wew i 1a€{ACGT} i=1
PARENTAL .
= argma In Wla, ] - #.,(0
ADVISORY g ma Z{Z L Wl #4,0)
HARD MATH
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Let's check the intuition, p.2

W* = arg max Z Z In Wia, ] - #a4(0)
WEW " j=1 ae{A,C,G,T}
Each column of W can be optimised independently:
» W' = argmax Z #2(0)Inx,

>
A6 Z0 ae{A C.6T)
oz

Using the method of Lagrange multipliers, we obtain x} = =
Za #B,J(O) n
#2,(0)
n

Thus indeed W*[a,j] =

Askar Gafurov Motifs, EM, Gibbs November 30, 2023 10/30



Method of Lagrange multipliers

o Optimisation task: argmax Y7, a;Inx;
X1,...,X42>0

> xi=1
@ Define new function T(xi,...,xs, A) == Zj}:l ajlnx; + X <—1 + Zj}zl x,-)

@ Solve (unconstrained) optimisation task argmax T e.g. by setting the gradient to zero:

X1,..-,X4,\ER

4
V=2 1a. 214 x
X1 X4 i—1

i=1 i=1
PARENTAL a;
i
ADVISORY = X= 5
Doie1 @i
HARD MATH
Askar Gafurov Motifs, EM, Gibbs November 30, 2023
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Quick summary so far

@ Previous:

0-1 L m
» Pi(s | 0.w] = [ a(st))- [[wisto+5 -1+ I] a(si)
j=1 j=1 j=0+L
» Pr[O| S,W] ~Pr[S| O, W]
o (new!) Given sequences S and motif starts O, we can find the most likely motif W of
length L using letter frequency counting

» W* =argmax InPr[S | O, W] = (M)
Wew n 2€{A,C,G, T} 1<j<L
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Motif finding with distribution of O (One hand)

e Task: Given a vector of sequences S = (Sy,...,S,) of length m each, a distribution of
site starts g(0) = [[7_; gi(O;) and b.f. g, find the best motif W of length L!
» Assuming that the motif occurs exactly once in each sequence
> In human words: we don't know exactly where the motif starts occur, but we have a guess g;
for each sequence.
» The values g;(1),...,gi/(m— L+ 1) are “weights” for each position in sequence S;

@ Example of input data:

CGACTAAACCACGGA
AGATATAACAAAAAG 0.07 0.07 051 007 007 007 007 007
AAGTCACCATAAACT 0.07 051 0.07 007 007 007 007 0.07
0.12 0.08 0.08 008 0.08 008 0.08 0.40
AGTATTCCTATAGCA (6(0)),, — | 046 008 008 008 008 008 009 00
TGACACATACCATGG &il%))ie = 1007 007 007 051 007 0.07 007 0.07
TAATATACCGCTTAC 0.07 051 0.07 007 0.07 007 007 0.07
TGCTAATAGTCCATA 0.07 0.07 0.07 0.07 0.51 0.07 0.07 0.07
TAATATACCGTATCT 0.07 051 0.07 007 007 007 007 0.07
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Motif finding with distribution of O (One hand)

@ best = with the maximum log-likelihood across all possible O with prob. g
» W* =argmax Eg~gz [In L(W; O, S)] et Z InL(W;0,S)-g(0)
wew

0co
@ Intuition: best W is obtained by counting letter frequencies at all possible sites weighted
by g
n m—L+1
wr. a7 1 #aj(g
> Wia,j] = ;Z Z 8i(01)1s0,4j-11=a = a:]( )
i=1 0=1

Askar Gafurov Motifs, EM, Gibbs November 30, 2023 14 /30



Example of weighted frequency counting

@ Looking for a motif of length L =3
AAACCT

@ Input: S = ACGACA, distrubution of starts g =

TTACCG

02+03+04+04+4+03+0.6

0.14+0.140.2
0.2
0.1
Wcounting =

Askar Gafurov

0.2 03 04 0.1
0.4 0.1 02 03
0.1 0.1 0.6 0.2

02+03+02+0.1
04+01404+403+06+02 03+044024+014+0.6

2.2/3
0.5/3
0.2/3
0.1/3

400>

0.1
0.1

0.8/3
2.0/3
0.1/3
0.1/3

Motifs, EM, Gibbs

0.7/3
1.6/3
0.6/3
0.2/3

02+01+03+0.1

0.4+0.2
0.1
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Let's check the intuition

w* = arg max Eo~g[In L(W;0,S)] = arg max EoNg[InHC(W 0:,S)] =

i=1

= arg max Z Eo,~g[In L(W; O;, Si)] =

wew
n m—L+1
= arg max > > (InPr[Si | 0, W] +InPr[O; | W])gi(Or) =
eEw i=1 0;=1

Wew 4 o1 j=1 j=0;+L

n m—L+1
—argmaxz Z (ZInqS[]] -‘rZInW[S[O +/j-1L]+ Z |nq5[]]>gi(0i)—

wew

n m—L+1
= arg max Z > InWlaj] (Z > 15i[o,,+j1]_a.g,-(o,-)> -

Jj=1 ac{A,C,G,T} i=1 0;=1
PARENTAL
ADVISORY = argmax S Y W e
HARD MATH J=1 a€{A,C,G,T}
Askar Gafurov Motifs, EM, Gibbs November 30, 2023
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Quick summary so far

@ Previous:
> Pr[S | O, W] = H a(SL) HW[5[O+J 1.4 T[ a(si
j=1 Jj=0+L

» Pr[O] S, W]NPr[S|O 14
» For known S and starts O:
W* = argmax InL(W;S,0) =
Wew
* #.;(0) = 27:1 Ls0+j-1]=a
o (new!) Given sequences S and motif starts distribution g(0), we can find the most likely
motif W of length L using weighted letter frequency counting:

» W* = arg max Eo~g[in £L(W;S,0)] = (n71 - #.,(g))
> #a(g) = Z, 1Zm L+1g:(o) 1s(04+j-11=a

—1
(” ‘ #avj(o))ae{A,C,G,T},lgng

ac{A,C,G, T} 1<<L
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Motif finding without O (No hands)

e Task: Given a vector of sequences S = (S1,...,S,) of length m each and b.f. g, find the
best motif W of length L!
» Assuming that the motif occurs exactly once in each sequence
» No information about the motif starts nor motif itself. ..
@ Example of input data:
CGACTAAACCACGGA
AGATATAACAAAAAG
AAGTCACCATAAACT
AGTATTCCTATAGCA
TGACACATACCATGG
TAATATACCGCTTAC
TGCTAATAGTCCATA
TAATATACCGTATCT
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Expectation-Maximisation algorithm

@ The algorithm:

» Start with random motif W(®)
> Repeat:
* (E-step) infer g*1)(.) from W)

g™(0) :=Pr0 | s, W] ~ [T Prlsi | O, W)

i=1

* (M-step) infer WD from g1 (.):

W = arg max Eogtern[In L(W;S,0)] = (n71 - Fayj (g(tﬂ)))
wew

2€{A,C,G,T},1<<L

e Random = W(©) =E> g(l) L/|> w =E> g(2) L/|> W) —E> g(3) L/I> w®) =E>

o Each next W(®) is better than the previous one:
Pr[S | W] > Pr[S | wV)]

Askar Gafurov Motifs, EM, Gibbs November 30, 2023 19/30



Time for a demo




Reconstruction of a missing motif start

@ Task: Given sequences S, motif length L and motif starts with missing i-th coordinate
0., =(01,...,0;-1,7,0j41, ..., Op), reconstruct the missing coordinate O;.
» We don't know the motif W
@ Let's compute prob. for each possible value of O;:

Pr(Oi=k,0_;|S]
>, Pr[0;=¢,0_; 9]
~Prl0=(01,...,0;_1,k,0iy1,...,0,) | S] =

Pr[S | O] - Pr[O]
~ Yo Pr[S|0]-Pr[O] "
~ Pr[S | O]

Pr[O; = k | O_;,S] =

@ So, we only need to be able to compute Pr[S | O] for arbitrary O. ..
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How to compute Pr[S | O]

@ Since we don't know the true motif, we have to average over all possible motifs. It's
called marginalization:

Pr[S | O] = Ew[Pr[S, W | O]] = /W Pr[S | W,0]: p(W) dW

o We need to define the "probability” p(W) of motif W.

@ We want all combinations of frequencies to be “equally likely”:

W, ~ Dirichlet(1,1,1,1)

4 3
p( ")_W_W_
p(W) = 6"
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Let's compute some integrals

Pr[S | O]:/ Pr[S | W,0] 6" dW ~
w

N/ Pr[S | W, 0] dW:/ [Prlsi| w, 0] aw =
w Wizt

m

n O;—1 L
— [ T atst)- TTwistos+5 - 11l T] a(si) aw =

j=1 Jj=0;+L

~ [ TTTIWstor ) 117 aw =

i=1 j=1

PARENTAL _ / Wia, jT*1©) aw; ...
ADVISORY Ui AL ’
HARD MATH
Askar Gafurov Motifs, EM, Gibbs November 30, 2023
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Computation of integral over unit 4-simplex
@ We need to compute a definite integral of form [¢, x{* - X532 - x3° - x7* dX, where

» A magic formula: B(z, z) def. fol t21. (1 —t)2"1 dt = M

F(zl + 22)
/4)(151 -x2a2 »x;3 ~><:4 dX =
S

1 1—xq 1—x1—xp
= / xfl / X;Z / x;3 (1= xg —xp — x3)™ dxz dxp dx; =
0 0 0

1 1—x: £
= / xfl / 1 xza2 / x;3 (& = x3)™ dxz dxp dxg =
0 0 0
1 1—x1 £ /x3\33 x3\ %
= xal x2 g3t = (1B dxz dxy dxq
! 2 o \¢ 3

r a3+ 1)M(ag +1 x1
_ ( 3 ) 4 +1) 31/ 21— 3 — x)3 L vy oy —
(a3 + as + 2) 0
_ M(as + 1)l (ag +1) T(az + 1)l (a3 + a4 + 2) / ar a- Xl)a2+a3+a4+2 dx
M(a3 + as +2) Max + a3+ as +3) 0

_ Mlaz+1)M(ag +1) M(az + 1) (a3 + a4 +2) (a1 + M(a2 + a3 + a4 +3)

(a3 +as +2) M(az + a3+ a3 +3) M(a; +ax + a3 +ag +4)

AL
HY _ ajlaplazlay!

(3+a1 +a + a3 +ag)!
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Back to the main integral

Pr[S|O]~...~H/ H W(a, j]#+i(©)

aE{A C,G,T}

_ H ae{A C,G,T} #2j(0)! N
3+ n)!

~H [I #.(0)

Jj=1ac{A,C,G, T}

Finally, we can compute the probabilities for the missing motif start:
L
Prioi=k|0_,SI~J] I #ai(0)
j=1ae{A,C,G,T}

Hooray! Time to take a breath and regain posture.

Askar Gafurov Motifs, EM, Gibbs November 30, 2023
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Example of computing the prob. of missing start

e Formula: Pr[O; =k | O_;,S] ~ H}:l [Lciace,my #24(0)!

AAACCT

@ Input: S = ACGTCA, O_, = (2,72,3)

TTACCG

Pr[O, = 1| O_5,S] ~3101010! - 1121010! - 0121110! = 24
Pr[O, =2 | O_5,S] ~2!11010! - 11111101 - 01210111 = 4
Pr[O, = 3 | O_5,S] ~210!110! - 11110111 - 0131010 = 12
Pr[O, = 4 | O_5,S] ~2101011! - 1121010! - 1121010 = 8

Askar Gafurov

T=24+4+12+8=148

Pr[O> = 1| O_5,S] =24/48 = 0.50
Pr[O, =2 | 0_5,S] =4/48 = 0.08
Pr[O, =3 | 0_5,S] =12/48 = 0.25
Pr[O; = 4 | 0_5,S] =8/48 = 0.17

Motifs, EM, Gibbs

: sites AAC, ACG, ACC
: sites AAC, CGT, ACC
s sites AAC, GTC, ACC
: sites AAC, TCA, ACC
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Sampling from Pr[O | S] via Gibbs sampling algorithm
@ A bigger goal: To sample motif starts O from Pr[O | S]
@ Gibbs sampling algorithm:
» Start with a random O(©)
> Repeat:
* Select a random coordinate i €g {1,...,n}
* Erase i-th coordinate from O
* Sample a replacement O’ for it from Pr[O; = k | O_;,S] ~ HJ-L:1 [Lcgac,e ) #24(0)!
* new sample O(*Y is the same as O, but with i-th coordinate replaced by O’
o This algorithm produces samples 0(® 0, 0 0B) . . from Pr[O | S]
o Example:

10
10
7
16
16
16

SESRCRSRS ]
—~ e~~~ o~ —~
e = = = =
1Ol W W WwWw
NN DNDNDDNDN
W wwwwe
O O OO OO
N N N N N N
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Back to Motif finding without O (No hands)

@ Task: Given a vector of sequences S = (S51,...,S,) of length m each and b.f. g, find the
best motif W of length L!
@ Algorithm using Gibbs sampling:
» Sample many motif starts vectors (). .. OB) from Pr[O | S]

» For each sampled motif starts vector O(t), compute the optimal motif
WO = argmax InL(W;S,00) = (n71 - #,; (0W))
Wew

» Return the pair (W), 0()) with the highest log-likelihood In L(W(); S O(1)

ac{A,C,G,T},1<j<L
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Time for a demo




Summary

@ Motifs are used to represent e.g. DNA bind sites of proteins
» Motif W = a table of letter probabilities at each position of the site
* W]a,j] := Pr[j-th letter of a site is letter a]

Motif finding = given sequences, where motif occurs, find the best motif W

Motif finding can be solved by Expectation-Maximisation algorithm
» Alternating improvement of g(0) and W:
* Random = WO & g0 M @ & M 1y & M e &
Motif finding can be solved by Gibbs sampling

» Random sampling of O from Pr[O | S], selecting the best one
» Gibbs sampling works by altering one coordinate of a previous sample, sampling its value
from a conditional distribution
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Course Summary

Brona Brejova
December 16, 2021



Probabilistic models

e Hidden Markov models (gene finding, phylogenetic HMMs for conserved
elements, profile HMMSs for protein families)

e Phylogenetic trees and substitution models
e Stochastic context-free grammars

e Gibbs sampling

e Maximum likelihood method

e Expectation maximization (EM)

Statistical methods
e Statistical significance, E-value, P-value
e Positive selection test

e Linkage disequilibrium, association mapping



Practice in dynamic programming

e Sequence alignment

(global, local, affine gaps, saving memory)
e Hidden Markov models (Viterbi and forward algorithms)

e Computation on trees

(parsimony, Felsenstein algorithm for likelihood)
e Mass spectrometry (MS/MS)

e Secondary RNA structure

Other
e Integer linear programming
e deBruijn graphs

e Clustering and classification



How to model real-life problems
e Consider what data are avilable, what are relevant questions
e Formulate as a computer-science problem (e.g. score optimization)
e Probabilistic models often lead to a systematic choice of a scoring scheme

e The resulting problem often NP hard
— Heuristics, approximation algorithms
— ILP and other techniques for exact solutions

— Can we change problem formulation?

e Testing: are computation results relevant in a given domain?

(is our formulation sufficiently realistic?)



DalSie predmety
e Strojoveé ucenie 2-INF-150, Vinaf/Boza (ZS, 4P, 6kr)
e Vybrané partie z datovych Struktur 2-INF-237, Kovac (ZS, 4P, 6kr)
e Seminar z bioinformatiky (1)-(4) 2-AIN-50[56],25[12] (oba semestre, 2S, 2kr)
e Manazment dat 1-DAV-202, Brejova, Vinar, Boza (LS, 1P/2C, 4kr)
e Genomika 2-INF-269, Nosek a kol. (LS, 2P/1C, 4kr)
e Vyzvy sucasnej bioinformatiky 1-BIN-105, Brejova, Vinar (LS, 2S, 2kr)

e http://compbio.fmph.uniba.sk/vyuka/



Integer Linear Programming

Tomas Vinar
December 16, 2021



Practical programs for NP-hard problems

They always find the optimal solution, often in reasonable time,

but on some inputs very long runtimes
e |LP: CPLEX, Gurobi (commercial), SCIP (non-commercial)
e SAT: Minisat, Lingeling, glucose, CryptoMiniSat, painless
e TSP: Concorde

Other NP-complete problems can be transformed to one of these problems



ILP: Integer linear programming
Linear programming:

real-valued variables 1, ..., T,
minimize ) _. a;x; for given weights a1, . . ., ay,

under constraints of the form > . b;z; < c

LP can be solved in polynomial time

Integer linear programming:
Add a constraint that some variables are integers or binary

NP-hard problem



Expressing known NP-hard problems as ILP
Knapsack

Given n items with weights w1 ... w,, and costs c; ... ¢,.
Choose a subset so that overall weight is at most 1’ and the overall cost is highest

possible?



Expressing known NP-hard problems as ILP

Set cover

We have n subsets S7 ..., S, ofasetU ={1...m}.
Choose the smallest number of the input subsets so that their union is the whole

set U.



Protein threading
Protein A has a known sequence and structure, protein B only sequence.

Align A and B so that if two amino acids are close in A, their equivalents in B

should be “compatible”.

Choose “cores” in A which should remain conserved without insertions, deletions

and in the same order

Cores are separated by “loops”, whose length can arbitrarily change and whose

alignements will not be scored



Protein threading, problem formulation

Input: sequence B = by ... b,

lengths of m cores ¢1 . .. .Cp,

scoring tables

— E;;:howwell b; ...b 4,1 agrees with sequence of core ¢,

— E; 10 how well would cores ¢ and k interact, if they start at pos. j, £.

Task: choose starts of cores 1, x2, ..., I, SO that
— they are in the correct order and without overlaps,

— they achieve maximum possible score

Note: we do not specify how to choose cores and scoring tables,

which is a modeling, not an algorithmic problem



Protein threading, ILP

Notation: sequence B = by ... b,,, lengths of m cores c1 . .. ¢,
E;;:howwell b; ...b;4.,_1 agrees with sequence of core <,
E; ;e how well would cores ¢ and k interact, if they start at pos. j, £,

unknown starts of cores x1,...,T,.

ILP formulation:



Protein threading, ILP

Notation: sequence B = by ... b,,, lengths of m cores c1 . .. ¢,
E;;:howwell b; ...b;4.,_1 agrees with sequence of core <,
E; ;e how well would cores ¢ and k interact, if they start at pos. j, £,

unknown starts of cores x1,...,T,.

ILP formulation:



